
Int. J. Solids Structures, 1968, Vol. 4, pp. 109 to 124. Pergamon Press. Printed in Great Britain

ON FIRST STRAIN-GRADIENT THEORIES IN
LINEAR ELASTICITY

R. D. MINDLIN

Department of Civil Engineering, Columbia University

and

N. N. ESHEL

Department of Civil Engineering, The City College,
University of the City of New York

Abstract-This paper contains a study of the linear theory of elasticity in which the potential energy-density
depends on the gradient of the strain in addition to the strain.

In the first part of the paper, three forms of the theory are compared and the relations connecting the
stresses in the three forms and the boundary conditions in the three forms are derived. In the second part of
the paper, ambiguities in the form of the moment-equation of equilibrium and the definition of couple-stress
are resolved by a derivation based on conservation principles rather than the variational principles employed
previously.

INTRODUCTION

THE purpose of this paper is to clarify certain aspects of the linear theory of elasticity in
which the potential energy of deformation is a function of the six components of the
strain and the eighteen components of the gradient of the strain.

Stress-equations of equilibrium, constitutive equations and boundary conditions of
the "strain-gradient theory" were first given in a general, non-linear form by Toupin
[I, §7]. Subsequently [2], linear versions of the theory were given in three forms-dis
tinguished by different groupings of the eighteen additional variables in the potential
energy-density: I, the eighteen components of the second gradient of the displacement;
II, the eighteen components of the first gradient of the strain; III, the eight components
of the gradient of the rotation and the ten components of the fully symmetric part of the
second gradient of the displacement (or of the gradient of the strain). The components in
the second and third sets are simply linear combinations of those in the first. The third
form of the theory is the most convenient one for reduction to the theory in which the
potential energy-density is a function of the strain and the gradient of the rotation
[I, 3-6].

In [2], the three forms of the strain-gradient theory were shown to lead to the same
displacement-equations of motion for isotropic materials. However, the general identity
of the stress-equations of motion and the general relations among the stresses in the three
forms and among the traction boundary conditions for the three forms were not exhibited.
These results are derived in the first part of the present paper.

The second part of the paper is concerned with the moment equation and the couple
stress. In the derivation of the equations of the strain-gradient theory by the variational
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methods employed previously, the moment equation does not appear explicitly. Although
a moment equation can be deduced subsequently from the condition of invariance of the
potential energy-density in a rigid rotation of the deformed body [7], the equation can
be produced in a variety of forms. As a result, the identification of the couple-stress is
uncertain to a constant factor. To clarify the situation, the complete equations of the
linear strain-gradient theory are rederived, here, starting from principles of conservation
of linear momentum, angular momentum and energy. The moment equation and couple
stress thereby are displayed without ambiguity. A theorem of uniqueness of solutions
leaves the spherical part of the couple-stress undetermined just as in the theory in which
the potential energy-density depends on the strain and the gradient of the rotation.

1. KINEMATIC VARIABLES

The kinematic variables to be employed are defined in terms of derivatives of
components of displacement as follows:

I::ij = -!<Uj,i+Ui) = U(j,i) = I::ji = strain,

w ij = -!<Uj,i-Ui) = u[j.il = -wji = rotation,

1 t'Wi = 2eijkuk.j = vector rota lOn,

Kijk = Uk•ij = Kjik = second gradient of displacement,

Kijk = i(Uk•ji +Uj •ki ) = U(k,j)i = Kikj = gradient of strain,

Kij = iejlkuk.li = gradient of rotation (K ii = 0),

Kijk = i(Uk.ij+Ui,jk+Uj.ki) = U(k.ij)

= Kjki = Kkij = 1(kji = symmetric part of Kijk or Kijk'

OJ)

where e ijk is the alternator.
The following relations among the variables are found by eliminating the displacement

from the definitions (1.1):

Wij = eijkwk,

1
Wi = 2 e ijkW jk,

A '"" 1 - 1 ; 1( - -)
K ijk = Kijk-3Kjlekil-3Kklejil = 1 Kijk+Kikj ,

- 1 1 - A

Kij = Wj,i = 2ejklwkl.i = 2Kilkejlk = Klikejlk'

(1.2)

(1.3)

2. EULER EQUATIONS AND NATURAL BOUNDARY CONDITIONS

The derivations of the three forms of the strain-gradient theory, given in [2], are
summarized, here, with some minor alterations.
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Hamilton's principle is written for independent variations c5u j between fixed limits of
ui at times to and t 1 :

f
tl ftl

c5 (ff -'if')dt + t5"1f; dt = 0,
to to

where ff and 'if' are the total kinetic and potential energies in a volume V:

(2.1 )

and 15~ is the variation of work done by external forces.
The kinetic energy-density is taken to be

(2.2)

In [2], velocity-gradient terms were included in the kinetic energy-density. Such terms
are appropriate ifthe strain-gradient equations are regarded as a low frequency approxima
tion to the equations of a certain elastic material with a deformable micro-structure [2].
However, if the strain-gradient equations are viewed as a moderately long wavelength
limit of the finite difference equations of a simple, crystal lattice, the velocity-gradient
terms must be omitted. The latter view is adopted, here, in order to avoid carrying along
complicated terms which are not germane to the present study.

Three forms are considered for the potential energy-density:

-all for the same displacement field. In the case of isotropic materials,

VI = tABijl;jj+J-LBij+a1Kii,l(kjj+a2KijAkk

+ a3K jj,l(jjk +a4Kij,l(ijk+asKij~kji'

W 11 AA A AA A

= 2:ABjjBjj + J-LBijBij+ a1KjjkKkjj +a2KijjKikk

+ 03Kiii'jjk +04KijkKijk +OsKijkKkji'

where

°1 = 2a l -4a3, 02 = -a1+a2+Q3'

03 = 4a3, 04 = 3a4-aS' Os = -2a4+2as ,

and

w= tABiiBjj+ J-LBijBij + 2J1Kj(ij+ 2J2KijKji

+!a I KiiFkkj + Cl 2KijkKijk +JeijkKiFw,

where

18J1 = -2dl+402+03+6ii4-30s, 18J2 = 2° 1 -4°2-°3,

3ii1 = 2(01+02+03), a2 = 04+0S, 3J= °1+ 4°2- 2°3,

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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The variation of the work done by external forces is given a separate form for each
form ofW:

where, for VII,

J'#'; = JFk!5ukdV +f (15kJUk+RkDbuk)dS + fEkbukds;
v s c

for W,

(2.9)

(2.10)

and, for W,

J'#'; = Iv FkbukdV + Is [PkJUk+Qk(bkj-nkn)bwj+R&nn]dS+ f
c

Ekbukds; (2.12)

where S is the bounding surface, nj are the components of the outward unit normal to S,
C is an edge of S, s is the coordinate along C, D is the normal derivative:

(2.13)

and
(2.14)

In (2.12), Qk(bkj - nkn)bwj replaces Qkniwje;jk which was employed inadvertently in
[2, (12.12)]' The change constitutes a rotation of ninety degrees about the normal to S.

As shown in [2], the three forms of the variational principle lead to the following
three sets of Euler equations (stress-equations of motion) and natural (traction) boundary
conditions:

I: I jk.j - ii;jk,ij + Fk = PUk,

15k = nlfjk - iijjk.j) - Dinjiiijk)+(Dlnl)njnjiiijk'

Rk = ninj1.;jk'

Ek = Sp[n/nji;jk]ep/j'

(2,15)

(2.16)

where the components of stress, Iij' and double stress, f1;jk' are defined by

the D j are the components of the surface gradient:

D;qJ = qJ,j-n;DqJ,

(2.17)

(2.18)

the sp are the components of the unit vector tangent to C and the bold face brackets in
the third of (2.16) indicate that the enclosed quantity is the difference of its values, at C,
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on the two portions of S that intersect at C. Equations (2.15H2.18), without the acceleration
term, are linear forms of Toupin's results [1, §7].

II:

where

III:

Pk = nifjk - /lijk,i) - 0in;{lijk) + (O/n/)nini1ijk'

Rk= ninj/lijk'

Ek = sp[n,nJlijk]ep/j ,

" oW "
J.lijk =~ = J1.ikj'

uKijk

!'k '--2
1

/ / ./ ..e/·k-"/i"k .. +Fk = pii •.,J .J 1"', ,'J J I""J ,'J ~

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

where

Pk = nJijk +1(,uli./- ,unn,i)ejik - tlijk,iJ -(OJ - np/n/)(nitlijk +npnqnktlpq),

Qk = ni,uij(bjk - ni"k) +2nqninjtlupeqpk, (2.24)

R = ninjnktlijk'

Ek = spHbpk,unn +nqni(tlUk +nkn,tlli)ejpql,

_ rW _
J.lu = C~, J1.ii = 0,

"ij

= oW = = =
J1.ijk = :l- = J1. jki = J.lkij = J1.kji

uKijk

(2.25)

(2.26)

(2.27)

and ,unn = ninj ,uu'
In [2), ,uij was designated the "deviator of the couple-stress". If U(k,ij) is set equal to

zero in W, ,uij does, in fact, reduce to the deviator of the couple-stress tensor J1.ij which
was defined in [6] by means of the angular momentum principle and appears in the
angular momentum equation [6, (1.9)]. That iiu remains the deviator of the couple-stress
when W depends on U(k,ijj is verified in Section 5.

3. RELATIONS AMONG THE THREE FORMS

From (2.3) and the definitions (2.17), (2.21) and (2.25), it foHows that the stresses, in'
the three forms of the theory, are the same:

(3.1 )
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To find the relations among the double stresses, we first form the relations

_ aw aK pqr aw aKpqr aw aKpq

flijk = -a'" -a- = a=; -a-+:r- -a-'
/\'pqr K ijk K pqr K ijk CK pq K ijk

(3.2)

Then we replace the derivatives of the energy, in (3.2), with the definitions (2.18), (2.22),
(2.26) and (2.27) and we use the relations (1.3) in evaluating the derivatives of the kinematic
quantities. The results are

(3.3)

(3.4)

(3.5)

(3.6)

A useful, alternative form of the second of (3.3) is

(3.7)

From (3.7) and the first of (3.3), we find

(3.8)

Accordingly, the three stress-equations of motion, (2.15), (2.19) and (2.23), are the same
and they lead to the same displacement-equations of motion-as shown in [2] for
isotropic materials.

The relations among the boundary conditions may be obtained by equating coefficients
of like variations in (2.1 0), (2.11) and (2.12). From (2.10) and (2.11), it follows immediately
that

(3.9)

To find the corresponding relations between the first and third forms, we can proceed
by noting that, in (2.10),

RkDJuk = 2Rkni'wre/ jk +RknjDkDUj +Rknkc5enn,

2RknJ.bw,e/jk = 2njRk(Dli-n,nj)c5wjeljk,

and

Is RknPkc5u
J.dS = t [Dk(Rkni'uj)-Dk(Rknj)c5uj]dS

= Is [(D/n/)nkRkn j - Dk(Rknj)]c5uJ.dS + tc Sl[niRjnk]eliiukds
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by the surface divergence theorem. Thus, (2.10) takes the form

J"If; = Iv FkJukdV +L[Pk-(Dj-np,n,)(Rjnk)]JukdS

+t 2njRke/jk(J,j-n,nj)JwjdS+t RknkJe••dS

+ fc (Ek+s,[njRjnk]eli)Jukds.

Equating coefficients oflike variations in (3.10) and (2.12), we have

Pk = Pk-(Dj-npjni)(Rpk),

Qk = 2n jRJeijk'

R = njR j,

Ek = Ek+s/[n)~:jndelij

or, in vector notation,

p = .P-noVx(nxA.n),

Q = 2nxR,

R = Ron,

E = E+so[nxRn].

Conversely,
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(3.10)

(3.11)

(3.12)

(3.13)

P = P+inoVx(Qn) = P,
R(= nxR x n+n 0 Rn) = tQx n+Rn = R,
E = E- is 0 [Qn] = E.

The formulas (3.12) and (3.13) show how the same traction boundary conditions can be
set in each of the three forms of the theory. The same results may also be found by
substituting (3.3H3.8) in (2.16), (2.20) and (2.24).

40 MOMENT EQUATIONS

The assumption that the first gradient of the displacement enters the potential energy
density only in the symmetric form t:ij makes W ab initio invariant in a rigid rotation of
the deformed body and, in the variational derivation, precludes the display of a differential
equation expressing the equilibrium of moments. Toupin [7] has shown how a moment
equation can be found by assuming an energy function

(4.1)

and applying the requirement of rotational invariance subsequently. It is shown, here,
how such a procedure can lead to a variety of equivalent forms of the moment equation.
To exhibit this result in a simple context, we shall omit time dependence and edges.
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Hamilton's principle then reduces to

Iv JW'dV = Iv Fk<>UkdV+t (P~Juk+R~DJuk)dS.

Starting with

we find

J J[(OW') (OW') ]JW'dV = - - - - JukdV
v v aUk.i,i OKijk ,ij

after application of the chain rule and the divergence theorem.
Define

Then

Now,

and

Also,

(4.2)

(4.3)

(4.4)

(4.5)

by the surface divergence theorem for a smooth surface. Assembling these results, we have

LJW' dV = - t rjk.iuk dV +Is ninjilijkDoUk dS

+L[n/rjk-Diniilijd+(D,n,)ninjilijk]oukdS. (4.6)
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Upon equating coefficients of like variations in (4.6) and (4.2), we find

TJk,j +Fk = 0,

p~ = njTJk - Dj(nifi;jk)+(D,n,)ninjfi;jk'

117

(4.7)

(4.8)

which are equivalent to Toupin's results (10.13) and (10.14) in [7]'
The conditions of invariance of the potential energy-density in a rigid rotation of the

deformed body are, in the present linear case,

cW'
-=0.
aUli,i]

With (4.9), fi;jk becomes fiijk and the definition (4.5) yields

T[jkl +fiilikl,i = 0,

(4.9)

(4.10)

(4.11)

which, allowing for differences in notation, is Toupin's moment equation (10.20) in [7].
Now, return to the definition (4.5) and replace it with

" aw' -, 2A-'
Tjk = -;:l--flijk.i+ flk[ijl,j,

(/uk•j

where A is a constant, and note that fik[ijl,U = O. Then, instead of (4.7) and (4.8), we have

(4.12)

(4.13)

In terms ofW', (4.12) and (4.13) are the same as (4.7) and (4.8). The invariance conditions
(4.9), applied to the definition (4.11), produce

(4.14)

Again, (4.14)·and (4.10) are equivalent equations; but derivatives of the potential energy
density are distributed differently between the two terms in each equation.

By the first of (3.5),

(4.15)

Hence (4.14) can be written as

(4.16)

This is to be compared with the moment equation derived from the principle of angular
momentum [6, (1.9)]:

(4.17)

Noting that A is arbitrary and that fiu is a deviator whereas flu is not, it is apparent that
the invariance conditions (4.9) do not contribute to the identification of the couple-stress.
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5. DERIVATION BASED ON CONSERVATION PRINCIPLES

In this section, principles of conservation of linear and angular momentum and of
energy are employed in the derivation of the equations of strain-gradient theory. For
completeness, body double forces, with and without moment, are included along with
body forces, edges and time dependence.

Let t i and l1I i be the components of force and couple, per unit area, acting on the
surface S of a body occupying a volume V; and let F i and Ci be the components of force
and couple, per unit volume, in V. Then principles of linear and angular momentum are
expressed by

JtidS +J FidV = JpuidV, (5.1)
S v v

Is (x}ke ijk+mil dS+L(XjFkeijk+CJ dV = fv pxjukeijk dV. (5.2)

Application of (5.1) to an elementary tetrahedron leads, in the limit as the tetrahedron
shrinks to zero, to the definition of stress, 1:, such that

(5.3)

Substitution of (5.3) into (5.1) and application of the divergence theorem lead to the
stress-equations of motion:

(5.4)

Similarly, application of (5.2) to an elementary tetrahedron leads to the definition of
couple-stress, p, such that

(5.5)

which, with (5.2), yields the moment-equation

(5.6)

or

Now, in (5.4), write Tjk = TUk )+T[jkj' Then, with (5.7), (5.4) becomes

I F IC ..
TUk).j-2J1il.ijejkl+ k-2 I.je jkl = puk·

In (5.8), separate J1ij into its deviatoric and spherical parts:

D I>:
J1ij = J1ij+3U ijJ1kk'

But the curl of the divergence of a spherical tensor vanishes. Hence (5.8) is

I D F IC ..
TUk).j-2J1il.ijejU+ k-2 l.jejkl = puk·

As for energy densities, we suppose, again, that the kinetic energy-density is

Then

(5.7)

(5.8)

(5.9)

(5.1 0)

(5.11 )

(5.12)
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For the potential energy-density, we assume, again,

W = W(e jj, Kij' Kjjk);

so that

where iij' iiij and fJ.jjk are defined, as before, by (225), (2.26) and (2.27).
We now adopt the following principle of conservation of energy:

119

(5.13)

Iv (T+W)dV = Iv (Fju j + CjWj+<I>(ij)Bij) dV+ Is (tjuj+mjwj+njiijjkBjk)dS, (5.14)

where the symmetric components <I>(jj) are the densities of body double forces without
moment. The antisymmetric part <I>[iJl is the body couple per unit volume: 1eijkCk'

With (5.3), (5.5), the divergence theorem and the chain rule, the surface integral in
(5.14) becomes

(5.15)

But

and

so that (5.15) becomes

Hence, with (5.4), (5.6) and (5.12), the principle of conservation of energy (5.14) is converted
to

(5.16)

Finally, inserting (5.13) in the left hand side of (5.16) and equating coefficients of like
kinematic variables on both sides of the equation, we find

'Uk) = i jk - fJ.jjk,i - <l>Uk)

o -
f.1ij = f.1ij'

(5.17)

(5.18)

Thus, iiij is indeed the deviator of the couple-stress.
Upon substituting (5.17) and (5,18) into (5.10), we recover (with the addition of body

double forces) the stress-equations of motion (2.23) which were obtained from Hamilton's
principle:

- I 0 = F IC <I> ..r jk,j - "2f.1i1,i~ jkl - f.1ijk,jj + k -"2 I,jejkl- (jkJ.j = pUk· (5.19)
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In the case of an isotropic material, W is given by (2.7). Then, from (2.25), (2.26), (2.27)
and (5.IS),

i pq = ).JpqCil +2flcpq,

fl~q = 4d tKpq +4d2Kqp + /epqFijJ'

flpqr = iit(icjjrbpq+Kjjpbqr+Kjjqbrp)+2ii2Kpqr

+ iJKjiJpqejjr + Jqreijp + Jrpeijq)'

(5.20)

(5.21 )

(5.22)

[Note that, in (5.21), Kjjk contributes to the couple-stress-contrary to the statement in
[2] following (12.1)].

When (5.20), (5.21) and (5.22) are inserted in (5.19) and Cij' Kij and Kjjk are replaced by
their expressions in terms of U i, we find the displacement-equation of motion

(A. + 211)(1 -ifV2)Vv. U - fl(1-i~V2)V X V X U + F +iV xC - V . cJ) = pli, (5.23)

where

if = (3a l +2a2)/(),+2fl), i~ = (3d t +a! +2a2- J)/311.

Necessary and sufficient conditions for positive definiteness of Ware

(5.24)

(5.25)
fl > 0, 3).+2fl > 0, -d t < d2 < d t,

a2 > 0, Sat +2a2 > 0, 5J2 < 6(d t -d2)(5at +2a2),

which replace (12.1S) of [2]' From (5.25), it follows immediately that if > 0. To show that
i~ > 0, note first that

[2(a! +2(2)- 3d! -ilJ2 + lo[6(d t -(2)(5a t +2a2)- 5J2] +2~6dta2

+f6(d t +d2)(5a! +2(2) = (3d! +a! +2a2- J)(3d t +4a t +Sa2+2J). (5.26)

Since, by (5.25), the left hand side of (5.26) is the sum of positive terms, the right hand
side is positive. The two factors on the right must both be positive because, if they were
negative, the sum of the second factor and twice the first would be negative-in violation
of (5.25). Hence

and, consequently, i~ > 0.

6. UNIQUENESS OF SOLUTIONS

As deduced from conservation principles in the preceding section, the equations of
the strain-gradient theory for isotropic materials are sixty-three in number:

{3 } Tij.i + Fj = pU j' (6.1)

{3 } flij.i + Tkieijk + Cj = 0, (6.2)

{6] TUk ) = i jk - J1j jk.j - <l>Uk)' (6.3)

{6} Cij = UU.i)' (6.4)

{3 } wj = iUt.kejkl' (6.5)
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Kij = Wj,i'

Kijk = U(k,ij)'

iij = MiJ.f-kk +2pf.;j'

D 4d-- 4d-- f--Pij = lKij+ 2K ji+ eij/'pqq,

flijk = al (KpPkc5ij+ K pPI-<5 jk + Kppjc5ki) +2a2 K ijk

+tlKpiJijepqk + Jjkepqi + Jkiepq).
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(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

Whereas there are sixty-three equations, there are sixty-four dependent variables: 3 of
Ui, 3 of Wi' 6 of Bij , 8 of "ij' 10 of Kijk, 9 of 'C ij, 9 of Pij' 6 of iij and 10 of flijk' The additional
variable is the spherical part of the couple-stress which, because it does not contribute to
the change of potential energy-density (5.13), is indeterminate within the framework of
the theory as represented by the sixty-three equations. With this understanding, we proceed
to the proof of a theorem of uniqueness of solutions in the usual manner.

Consider two sets of the sixty-four dependent variables u; ... and u;' ... (with P;i and
P;; arbitrary) and their differences ui = u; - u;' ... Similarly, define body force and body
double force differences: Fi = F; - F7 ... If each set of variables and body forces is a
solution of (6. 1H6.10), so is the difference set and, from (6.1), we may form the equation

(6.11)

where to is an initial time and V is a volume bounded by a surface S with an edge C. Now

Hence, with (6.2) and (6.3),

or, with (6.4) and (6.5),

Further,

or, with (6.6) and (6.7),

where we have used Kii = 0 and the symmetry of flijk' Also, by (6.8), (6.9) and (6.10),
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where W is defined by the same form as (2.7) but in terms of the difference variables. Thus,
the integrand of (6.11) becomes

where T is given by (2.2). Accordingly, application of the divergence theorem and an
integration with respect to time convert (6.11) to

(6.12)

Thus, starting with the system of sixty-three equations (6.1H6.1O), we have recovered
the principle of conservation of energy for the difference system. We have now to reduce
the twelve variables uj' Wj' Bjk, in the surface integral of (6.12), to six as only six are in
dependent of each other on S. For example, if the u j are known on S, so is the normal
component, njwj, of Wj; and, if the uj and the tangential component, (c5ij-n inj)wj, of wj

are known on S, so are all the components of Gij except the normal component ninjGij'

It is also convenient to express the coefficients of Uj' (c5ij - ninj)w j and ninlij in forms that
are independent of 'liil and flu so that the coefficients can be computed directly from the
constitutive equations (6.8H6.10).

From (6.2) and (6.3),

(6.13)

Also,

niJ.lijwj = niJ.lijnjnkwk+niJ.liPjjk-njnk)wk

= ~J.lnnnkekijUj,i +niJ.lipjjk - njnk)wk

and

Hence

i (nj'jkuk+niJ.lijw)dS = Is nlijk+ku~,,-J.l~n,i)ejik-.uijk,aukdS

+Is ni!Ciejik - <IlUk)UkdS

+ tniJ.lE{c5jk-njnk)Wkds+tcHP~n]SkUkdS, (6.14)
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in which we have used

f.1j.~jk-npk) = f.1E{~jk-njnk)'

As for the last term in (6.12), we write

D D
f.1li,/- f.1nn,i = f.1li,/- f.1nn,i·

But

Hence

niiIiji'jk = (niiIijk + npnqiIpqjnk)Di'k + 2nqninjiIijpeQpkWk + ninjnkiIijkEnn

= Dj[(niiIijk + npnqiIpqjnk)Uk] - DiniiIijk + n~qiIpqjnk)Uk

+ 2nqninjiIijpeqpkWk +ninjnkiIijkEnn'

Then, with the surface divergence theorem,

1niiIijkEjk dS = 1[(np/n , - D)(niiIijk + npnqiIpqjnk)]Uk dS

+Ln/nj(2nqiIijpeqpkWk + iIijknkEnn) dS

+ ~c Sp (nqejpq(niiIijk +n/ninkiIli))Ukds.

Upon inserting (6.14) and (6.15) in (6.12), we obtain, finally,

f [T+W]:odV=ft dtf (FiJj+CjWj+<I>(iJ)~j)dVJv to V

+Jt dtJ [l\uk+Qk(~kj-nknj)wj+Renn] dS
to S

+ft dt i EkUk ds,
to C

(6.15)

(6.16)

where

Pk = nJijk +!<f.1R,,- f.1~n,;)ejik - iIijk,J -(Dj -np/n/)(niiIijk + npnqnk iIpq) + ni!Ciejik -<I>(jk»)'

Qk = nif.l~{t5jk - njnk) +2n/njnqiIijpeqpk' (6.17)

R = ninjnk f1ijk'

Ek = SpHbpkf.1~n +nqn'{/1;jk +nkn/f1li)ejpq )'

It will be observed that (6.17) have the same form as (2.24) with the addition of the
body double forces. Note that the body couple C has been placed in the expression for
P, following Koiter [8].
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Conditions sufficient for a unique solution of (6.1}-(6.10) are now obtained from (6.16)
in the usual manner-based on the assumption of positive definiteness of T and W:

1. At each point in V: F, C, CIl and initial values of u and D.
2. At each point on S: (a) a component of u (or P), in any direction, and the resultant

of P (or u) in the plane at right angles; (b) in the tangent plane, a component of w (or Q)
and the component of Q (or w) at right angles; (c) cnn or R..

3. At each point on C: a component of u (or E), in any direction, and the resultant of
E (or u) in the plane at right angles.

Note that, according to the linear momentum principle, nj!jk and not Pk are the
components offorce per unit area. Also, by the angular momentum principle, nif.J.ii/j jk - n jnk)

and not ilk are the components of tangential couple per unit area.
As in classical elasticity, the uniqueness theorem is subject to the regularity restrictions

implied by the forms of the divergence theorems employed in the proof. In particular, if
a singularity is present, an additional condition, generally obtained through a limit process,
is required. Sternberg and Muki [9] have shown how failure to observe such a requirement
can lead to physically irrelevant "pseudo-solutions".
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AficTpaKT-B pa60Te HCCJIe,QyeTCli JIHHeAHali TeopHli ynpyrocTH, B KOTOPOi!. IIJlOTHOCTb nOTeHl.\HaJIbHoi!.
:meprHH 3aBHCHT OT rpaD;HeHTa D;$lIMal.\HH H OT D;ecllollMaUHH.

B nepBoA 'IaCTH pa60TbI cpaBIlHBllIOTCli TpH BH,lla TeopHH H BblBO,llllTCli 3aBHCHMOCTH, KacalOlllHeclI
Hanpll)l(eHHA H rpaHH'IHblX YCJlOBHA B JTHX TpeX BHD;ax.

Bo BTOpoA 'IaCTH pelllalOTCli HeOD;H03Ha'iHOCTH Bblpa)l(eHHlI D;JllI MOMeHTHoro ypaBHeHHlI H onpeD;eJI
lIeTCli MOMeHTHoe Hanpll)l(eHHe, HCnOJIb3YlI BblBOD; OCHOBblBlllOlUHAcli B 6om.meA CTeneHH Ha npHHUHnax
coxpaHeHHlI, 'IeM Ha BllpHaUHoHHblX npHHl.\HnaX, XOTopbIe HCnOJIb30BllHbI paHee.


